We have performed an optoelectronic measurement of the impulse response of an ultrafast sampling oscilloscope with a nominal bandwidth of 100 GHz within a time window of approximately 100 ps. Our experimental technique also considers frequency components above the cut-off frequency of higher-order modes of the 1.0 mm coaxial line, which is shown to be important for the specification of the impulse response of ultrafast sampling oscilloscopes. Additionally, we have measured the reflection coefficient of the sampling head induced by the mismatch of the sampling circuit and the coaxial connector which is larger than 0.5 for certain frequencies. The uncertainty analysis has been done using the Monte Carlo method of Supplement 1 to the 'Guide to the Expression of Uncertainty in Measurement' and correlations in the estimated impulse response have been determined. Our measurements extend previous work which deals with the characterization of 70 GHz oscilloscopes and the measurement of 100 GHz oscilloscopes up to the cutoff frequency of higher-order modes.
Introduction
Ultrafast sampling oscilloscopes with a nominal bandwidth of up to 100 GHz mark the state of the art of today's commercially available high-speed instrumentation.
Such oscilloscopes being portable, easy to use, and relatively inexpensive are ideal characterization instruments for a variety of applications [1, 2] , in particular, for the measurement of digital signals [3] [4] [5] . However, when using sampling oscilloscopes for the measurement of ultrafast signals, it is important to know the oscilloscope's impulse response since it may significantly distort the time traces to be measured. Optoelectronic techniques, in combination with femtosecond lasers, are well suited for the characterization of ultrafast sampling oscilloscopes, mainly due to their unmatched measurement bandwidth that even exceeds 1 THz [6] . The time and frequency axis of such techniques is traceable to the SI units. Currently three NMIs (PTB [7] and NPL [8] in Europe and NIST [9] in the USA) have established optoelectronic measurement techniques for the characterization of sampling oscilloscopes. In recent years a single parameter characterization, i.e., the measurement of the rise time of the step response [10] , has been extended to waveform metrology where the uncertainty of each time (or frequency) step can be specified [7, [11] [12] [13] . NIST uses an approach that combines time-based electro-optic sampling with frequency-based VNA measurements. A frequency increment of only 3 200 MHz with degraded uncertainty from DC to 1 GHz [14] is achieved, yet, with an upper frequency limit of 110 GHz [9] . This approach constitutes the state-of-theart technique for the characterization of ultrafast sampling oscilloscopes in the low frequency range. However, it is not an appropriate method for a full time-domain characterization, see Fig. 1 .
In this paper, we present measurements of the impulse response of a 100 GHz sampling oscilloscope within a measurement window of 100 ps. Although our measurement technique does not yield the frequency resolution presented in [9] , it captures the time-domain response including frequencies above the cut-off frequency of higher-order modes of the coaxial waveguide. This is a prerequisite to derive a time-domain representation of the oscilloscope's response, i.e., the impulse or step response. The uncertainty analysis is based on a Monte Carlo method according to Supplement 1 to the 'Guide to the Expression of Uncertainty in Measurement' (GUM-S1) [15] . This paper extends previous work [16] The remainder of this paper is structured as follows. In Sec. 2 the experimental set-up is described together with the data analysis and the evaluation of uncertainties. The characterization of the 1.0 mm microwave probe is discussed in Sec. 3 before the measurement of the impulse response of the oscilloscope and its mismatch is presented in Sec. 4. Section 5 finishes with a summary and an outlook.
Experimental setup, model for data analysis, and uncertainty evaluation
The characterization of the time response of the oscilloscope is based on femtosecond optoelectronic methods. Broadband (>300 GHz bandwidth) electrical test pulses are generated using a photoconductive switch (PCS), which is embedded in a coplanar waveguide (CPW), see Fig. 2 . The CPW consists of a 30 µm broad signal stripe separated by 20 µm from two 500 µm ground stripes evaporated onto 4 low temperature grown GaAs (LT-GaAs, carrier life time ~1 ps). The characteristic impedance of this structure is close to 50 . The excitation gap in the center conductor is 10 µm long and biased with 20 V. For the simultaneous generation and detection of ultrashort voltage pulses with laser pulses of the same wavelength we employ the technique discussed in Ref. [6] . A femtosecond laser (Coherent Mira, 76 MHz repetition rate) emits 150 fs long pulses with a center wavelength of approximately 900 nm. The laser beam is split into a pump and probe beam. The pump beam is focused on the photoconductive gap. At a wavelength of ~900 nm the absorption in the LT-GaAs material is, on the one hand, large enough to generate sufficient carriers [6] , whose movement induces a voltage pulse. The probe beam is focused on the LT-GaAs material right between the center stripe and one ground stripe, see Fig. 2 . The absorption at ~900 nm is, on the other hand, small enough to allow a significant part of the laser beam to propagate through the substrate and produce an electro-optic (EO) signal in the detector which is proportional to the electric field of the voltage pulses. With a mechanical delay line in the probe beam path, time-discrete sampling can be performed and a waveform measurement of the current pulses traveling on the CPW is possible. Calibrating the mechanical delay line, the time axis of the measurement is traceable to the unit of length, and, thus to the unit of time. [6] . Although the inclusion of reflections does not lead to a fundamental problem, it significantly complicates the data analysis. Except for the type of microwave probe the setup is identical to the one discussed in Ref. [6] .
Measuring the voltage pulses directly at the T-junction yields the pulses v eos (t) which are transmitted from the CPW into the MWP. Thus, in order to determine the pulses at the input connector of the oscilloscope, which is connected to the coaxial end of the MWP, one has to convolve v eos (t) with the impulse response of the MWP, h probe (t) [18] . The measured oscilloscope trace v osc (t) has then to be Although we perform all measurements in the time domain, in which also the majority of experimental results is specified, the data analysis is carried out in the frequency domain. This is simply because for our particular case convolutions and deconvolutions in the time domain are much easier computed in the frequency domain by performing multiplications and divisions, respectively [19] . To avoid problems arising from the periodicity of the Fast Fourier Transform we usually consider time-domain measurements ranging from 40 ps before the maximum of the voltage pulses to 80 ps after the maximum. This 120 ps time window is then doubled to 240 ps by zero padding. This ensures that signals being present at the end of the 120 ps time traces are negligible small and, thus, do not lead to a distinct signal at the beginning of the time window. When giving results in the frequency domain we only consider the length of the measured time window, i.e., obtain a frequency spacing of 8.3 GHz.
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For the transfer function H osc (f) of the oscilloscope, which is the Fourier transform of the impulse response h osc (t), we can set up the following equation:
Here, V osc is the Fourier transform of the measured oscilloscope trace, V eos is the Fourier transform of the voltage pulse measured via EO sampling at the T-junction, and H probe is the MWP transfer function. The observed oscilloscope trace actually is an average over a large number of sampling points, and therefore can be modeled as a convolution of the undistorted signal and a probability density function (PDF) characterizing the oscilloscope's time jitter within the single traces [20] . For the jitter PDF we employ a normal density with zero mean and standard deviation σ osc determined by additional measurements. Correction of the oscilloscope's averaged trace is then carried out by a deconvolution with the jitter PDF, leading to the third factor in the denominator of Eq. (1). Additionally we include a correction factor γ  for the distortion of the oscilloscope's time base [16] . The limited temporal resolution of our EO sampling technique is accounted for by deconvolving the EO signal with a Gaussian impulse response (with parameter σ eos ) as expressed through the second term in the numerator of Eq. (1), see Ref. [6] . Knowing all input variables it is straightforward to calculate the impulse response of the oscilloscope using Eq. (1). Note that Eq. (1) is a deconvolution which is in general an ill-posed problem and, thus, requires regularization [21] . To this end, we apply a low-pass filter, see Sec. 4.
With regard to the model used for the data analysis we like to comment on higher-order modes in the 1.0 mm coaxial line, which usually arise from asymmetries in the waveguide such as bends or debris. One usually avoids higherorder modes since deleterious effects may arise due to the superposition of modes with different propagation constants. Moreover their excitation cannot be controlled and it is difficult to repeat the result. We have avoided any waveguide asymmetries and repeated the experiments several times. Thus we are confident that -even if higher-order modes were excited -their influence is covered by our uncertainty analysis.
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The uncertainty evaluation is performed by a Monte Carlo method according to GUM-S1 [15] . To this end, a (joint) PDF ) (ξ x p is assigned to the input quantities x , i.e., the quantities on the right-hand side of Eq. (1), that represent the state of knowledge about their values. This PDF is then propagated through Eq. (1) to obtain a PDF for the output quantity
, with N being the number of data points in the measured time traces. This requires one to assign a (joint) PDF for
From these input quantities -given in the time domain -the frequency response is calculated using the discrete Fourier transform and Eq. (1 
Note that h Uˆ is a variance-covariance matrix since the measurand is a vector. The
are the corresponding squared standard uncertainties.
Measurement of the impulse response of the microwave probe
In this section we discuss the measurement of h probe (t) in detail, since it is inevitably needed to characterize the oscilloscope head, see Eq.
(1). In contrast to an approach in which a MWP is characterized in the frequency domain up to 110 GHz [9] , we use time-domain EO sampling to obtain h probe (t). This approach also considers frequencies above the cut-off frequency of higher-order modes of the coaxial line, which is a prerequisite to derive the impulse response of the oscilloscope.
The experimental technique used to determine the impulse response of the 1.0 mm MWP is similar but not identical to the one that we used to characterize a 1.85 mm MWP [17] . The MWP probe is terminated by a coaxial offset short and the voltage pulse traveling into the MWP and the one being reflected from the short are measured at the same position on the CPW. From this reflection the impulse response of the MWP can be determined.
Again, we perform calculations in the frequency domain and derive the transfer function of the microwave probe from:
Here, V in and V out are the Fourier transforms of the voltage pulses traveling into the MWP, being reflected and traveling backwards, respectively. Both voltage pulses are directly measured at the T-junction. The reflection coefficient of the offset short is denoted by R short , whereas R junc is the reflection coefficient of CPW/MWP junction for a voltage pulse propagating on the CPW and traveling towards the junction [17] .
The reason why H probe depends on R junc is explained in the following. The EO measurement at the T-junction allows us to directly measure the voltage pulse v in (t)
transmitted from the CPW into the MWP. However, the measured voltage pulse v out (t) traveling in the opposite direction corresponds to the voltage pulse that is transmitted from the MWP onto the CPW and, thus includes the reflection coefficient of the T-junction (for backward traveling pulses). This has to be taken into account when calculating h probe (t).
The deconvolution, Eq. (2), is in general an ill-posed problem and requires regularization. To this end, we apply a low-pass filter (20 th order Butterworth filter).
The 3 dB bandwidth of the filter is chosen as 250 GHz and is derived from the frequency at which V out (f) approaches the noise level. We assume the regularization error resulting from the application of the low-pass filter to be negligible since the spectral power of V in (f) at the cut-off frequency is three orders of magnitude smaller than at DC.
Three of the four input quantities of Eq. (2) For the EO measurement of v out (t) the coaxial end of the MWP is terminated by a coaxial offset short and the measurement epoch is chosen to be long enough (~400 ps), so that the time trace not only includes the voltage pulse propagating into the MWP, v in (t), but also the voltage pulse being reflected from the short and propagating backwards, v out (t). Since the roundtrip time amounts to approximately 240 ps, the reflected and incident pulses can easily be separated. Moreover, we perform an additional measurement connecting a long coaxial cable instead of the offset short to the coaxial end of the MWP. The cable acts as a perfect load, since the reflection from its end does not enter the time window over which we measure.
This measurement allows us to subtract the background signal superimposed on the reflected voltage pulse. This is necessary since multiple reflections of the voltage pulse at the two ends of the CPW and the T-junction still lead to a distinct signal even after ~400 ps. The resulting voltage pulse v out (t) is plotted in Fig. 3a .
Finally, we calculate the complex reflection coefficient of the coaxial 1.0 mm offset short, R short (f), using a commercial finite-element simulation tool (CST Microwave Studio) in the time-domain. Metallic losses and the dimensions of the slotted connector are taken into account [23] . The calculated amplitude of the reflection coefficient is shown in Fig. 3b . Due to increasing skin effect losses at higher frequencies, the reflection coefficient decreases from 1 at DC to approximately 0.97 (-0.26 dB) at 300 GHz. Also a small ripple (~60 GHz) can be observed, which results from a resonance between the termination of the short and a small transmission line discontinuity given by the coaxial connection (the offset length of the short is 2.5 mm).
We are now in a situation to estimate h probe (t) and to evaluate its associated uncertainty using Eq. (4 being the number of data points within a measured time trace. For N = 600 this is practically impossible. For considerably less than N 2 measurements the resulting covariance matrix would be severely underdetermined and can only be used to extract pulse parameters as shown in Ref. [13] . An approach to address this problem would be to parameterize the structure of the covariance matrix using a limited number of parameters, see outlook. Note that we still take into account correlations in the output quantity, the impulse response, whose covariance matrix is in general not diagonal due to the model of evaluation. According to [15] Fig. 4b . The diagonal elements of the matrix correspond to the variances of the time traces, while the off-diagonal elements denote the covariances. As can be clearly seen we obtain correlations around the main peak which have to be taken into account for further calculations.
A more detailed analysis of our result shows that the PDF of h probe (t) is slightly asymmetric and cannot be approximated with a normal distribution. This is exemplarily shown in the inset of Fig. 4a , in which the histogram of h probe (t max ) is plotted, with t max being the temporal position of the maximum of the impulse response. Consequently, we directly use the 10,000 Monte Carlo runs of h probe (t) instead of their mean value and their covariance matrix for further calculations as detailed in the next section.
4) Measurement of the impulse response of the sampling oscilloscope
Having characterized the MWP we now have to determine the other input variables of Eq. (1), namely v osc (t), v eos (t), σ osc , σ eos , and γ  , to be able to calculate the impulse response of the oscilloscope:
 The input pulse v in (t) was measured six times at the discrete temporal positions t 1 ,…,t N via EO sampling to obtain an estimate and the standard deviation at the individual time instances. As for the MWP we neglect correlations between different temporal positions. Hence, according to [15] a product of scaled and shifted t-distributions was assigned. An example of the corresponding time trace of v in (t) has already been discussed in Sec. 3 and is shown in Fig. 3(a) . Again we limit our measurement epoch to a time window of ~100 ps due to the reasons described above.
 The time resolution of the EO measurement technique, σ eos , has been determined using the technique described in Ref. [6] to be σ eos (0.9±0.2) ps, with 0.2 ps being the standard uncertainty. According to [15] we assigned a normal distribution with mean and standard deviation equal to the estimate and the standard uncertainty of σ eos , respectively.  The oscilloscope trace v osc (t) was measured ten times by averaging over 512 individual traces; an example of one oscilloscope trace is shown in Fig. 1 .
From these 10 oscilloscope traces we obtained an estimate of v osc (t) by averaging and the standard deviations at the individual time instances. Similar to our analysis for v in (t) we assign as PDF the product of scaled and shifted t-distributions.
 The oscilloscope jitter σ osc was measured in the statistics mode of the oscilloscope (without averaging) [24] . To this end, the rising edges of 512  , see Sec. 2. In principle, voltage noise also contributes to the jitter measurement, however, the effect of noise was found to be negligible. For the 100 GHz oscilloscope under study we measured a remarkably small jitter σ osc = (0.36±0.05) ps, with 0.05 ps being the standard uncertainty. According to [15] we assigned a truncated scaled and shifted t-distribution to σ osc with the shift given by the mean and the scaling determined by the standard deviation of the measurements of σ osc , respectively.  The time base correction factor γ τ is defined as t real = γ τ t osci with t osci and t real being the oscilloscope's time base and the corrected time base of the oscilloscope, respectively. In order to determine γ τ we have measured the repetition rate of our femtosecond laser, f rep , and compared this value to the repetition rate of the voltage pulses measured with the sampling oscilloscope. For the latter measurement we employ a measurement epoch being considerably larger than 1/f rep . We have verified by changing the delay of the trigger that no abrupt jump in the timebase (see Refs. [25, 26] ) distorts the measured waveform. However, we also explicitly emphasize that for measurements over longer time windows (of several 100 ps and longer) a more sophisticated time-base correction considering nonlinear distortions as discussed in Refs. [26] [27] [28] should be applied. With our technique we obtain a value of γ τ = 1.00076±0.0002, with 0.0002 being the standard uncertainty.
For these measurements the repetition rate of the laser was not stabilized, since the drift of f rep within the measurement time is negligible and does not influence the measurement of γ τ . According to [15] we assigned a normal distribution with mean and standard deviation equal to the estimate and the standard uncertainty of γ τ , respectively.
From the model equation (1) we can now estimate the impulse response of the sampling oscilloscope and evaluate the associated uncertainty as described in For a full characterization we also visualize in Fig. 6d the covariance matrix for the impulse response shown in Fig. 6a . Again we obtain correlations in the output quantity, which should be taken into account for employing the oscilloscope for high-frequency measurements as shown in recent studies [11, 13, 29] . However, we do not suggest that mean and covariance matrices are disseminated as part of the calibration process, since they do not fully characterize the obtained distribution.
Instead we propose that the resulting Monte Carlo runs of h osc (t) are disseminated.
These time traces can then be used for the calculation of individual properties of the sampling oscilloscope that go beyond the parameters presented in this paper.
In a previous study we have characterized a nominal 70 GHz oscilloscope [7] and derived from less sophisticated Monte-Carlo calculations a mean value of the FWHM of the impulse response of (4.2±0.5) ps. At first sight this faster response for the 70 GHz oscilloscope is surprising. However, as verified by an independent study [30] nominal 70 GHz sampling heads might indeed yield faster pulse parameters than nominal 100 GHz sampling heads, most likely, due to an exceptionally good nonlinear transmission line within this particular 70 GHz sampling head. In this regard we like to emphasize again that the measurement of pulse parameters gives an indication about the speed of the device under test, but is insufficient for a complete characterization.
Finally, we discuss the measurement of the oscilloscope's reflection coefficient. This reflection results from the impedance mismatch between the coaxial waveguide and the sampling circuit of the oscilloscope head and, thus, is also referred to as mismatch [9] . The measurement of this reflection coefficient is important because it determines how the source generating the signal to be measured with the oscilloscope is loaded. This may significantly influence the signal to be measured. In particular, the reflected signal might distort the source and enter the measurement window at later times. In order to measure this reflection coefficient, we use the same setup as described above: The oscilloscope head is connected to the MWP, which, in turn, is attached to the CPW. The voltage pulse propagating into the MWP is then measured at the T-junction over a long time window of ~450 ps.
This time window not only includes the voltage pulse traveling towards the sampling head, but also the one being reflected from the sampling head and traveling backwards. The reflection is superimposed on a background signal as discussed in Sec. 3. We again connect a long coaxial cable to the end of the MWP to measure the background signal and extract the reflected pulse, v r,osci (t). This pulse is plotted in Fig. 7 together with the reflection obtained from the coaxial short, v r,short (t), which is similar to the curve plotted in Fig. 3 . As can be seen in Fig. 7 the reflection from the sampling circuit of the oscilloscope appears ~280 ps later than the one from the coaxial short. These two time traces and the calculated reflection coefficient of the short allow us to derive the complex reflection coefficient of the sampling head from
Again, we used 10,000 Monte Carlo runs to derive a estimate of R osc (f) and its corresponding uncertainty. The magnitude of the estimate of the reflection coefficient is plotted in the inset of Fig. 8a together with the corresponding 95 % confidence intervals. Remarkably, |R osc (f)| is larger than 0.5 around 80 GHz and decreases at larger frequencies. Additional measurements are necessary to investigate this behavior in more detail. In particular it will be interesting to see whether this behavior can be found for other sampling heads, too. After an inverse
Fourier transform of R osc (f) we obtain the impulse response r osc (t) of the reflection, whose estimate and corresponding 95 % pointwise coverage intervals are plotted in Fig. 8a . To complete the uncertainty evaluation we also plot the corresponding covariance matrix in Fig. 8b , visualizing the correlations in the time domain.
Conclusions and outlook
In summary, we employed optoelectronic techniques based on femtosecond lasers to measure the impulse response of a 1.0 mm microwave probe and a 100 GHz sampling oscilloscope including the oscilloscope mismatch within a ~100 ps time window. Our measurement technique also captures the response of these devices above 110 GHz which is the cut-off frequency of higher-order modes of the 1.0 mm coaxial line. The uncertainty evaluation has been performed by employing a Monte
Carlo method according to the Supplement 1 to the GUM, and we determined correlations in the estimated impulse responses, which arise from the analytical model.
Future studies will concentrate on extending the measurement epoch and, thus, allow for a characterization at reduced frequencies. This will enable a detailed comparison with scalar techniques for the oscilloscope characterization, as discussed in Refs. [9, 31] . Moreover, it will be interesting to see whether a parametric description of the covariance structure of the measured time traces is possible. If the number of parameters needed for an accurate description is smaller than the number of measurements, this approach will allow us to consider correlations in the measured time traces, as well. Electro-optically measured voltage pulse at the T-junction that is back reflected from the coaxial offset short (blue line) and back reflected from the oscilloscope head (red line).
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